A module M is said to be weakly-injective if and only if for every finitely generated submodule N of the injective hull E(M) of M there exists a submodule X of E(M), isomorphic to M such that N C X. In this paper we investigate weakly-injective modules over bounded hereditary noetherian prime rings. In particular we show that torsion-free modules over bounded hnp rings are always weakly-injective, while torsion modules with finite Goldie dimension are weakly-injective only if they are injective.
Introduction
The study of hereditary noetherian prime (hnp) rings generalizes that of bounded Dedekind prime rings and in particular of their best known example, the ring of integers 2. These rings and their modules have been studied extensively; see [3, 2, 4, 8] , for example. McConnell and Robson's book [10] has a nice chapter on hnp and related rings. In [8] , Lenagan proved that an hnp ring is either primitive or bounded. Special classes of modules over bounded hnp rings (including injective, projective, quasiinjective and quasi-projective) have been studied in [4, 9, 12, 13, 14] . In this paper [3] Weakly-injective modules over hereditary noetherian prime rings 289 direct sum of indecomposables, M is tight if and only if it is weakly injective. This is the subject of our next proposition.
PROPOSITION 2.2. Let M be an R-module such that the injective hull E(M) ofM is a direct sum of indecomposables. Then M is tight if and only if it is weakly-injective.
PROOF. Let M be a tight right fl-module such that E(M) equals a direct sum of indecomposables, say E(M) = ®, 6 / £,-. Let Wbea finitely generated submodule of E(M). Then there exists a finite subset / C / such that N C ©, e y £,-. Without loss of generality we may assume that E(N) = ®, g 7 E t . Let <p : N -> M be an embedding of N into M as is guaranteed by the tightness of M. Then E(M) -E((p(N)) © K, for some submodule K C E(M). It follows from the Azumaya-Krull-Schmidt theorem that K = 0 , e / _ y £,. Let A -M n K. Then A c! K and hence <p(N) © A may be embedded in E(M) via a map a such that N = a ((p(N) ). By the injectivity of E(M) and the essentiality of the inclusion <p(N) ® A c' M, we obtain a monomorphism a :
Proposition 2.2 has the following immediate corollary. COROLLARY 
For a right noetherian ring R, a right R-module is weaklyinjective if and only if it is tight.
PROOF. Obvious.
The following lemmas, due to Singh, are listed here without proof for easy reference. We believe that the following result must be well-known but we have not been able to find it anywhere in the literature. We include it here without a proof. LEMMA 2.9. Let A be a submodule of a module B, and let n e 1 + . Then Soc"A = A n Soc"fl and SocM/Soc"" 1 A is embeddable in Soc"B/Soc"-1 B.
LEMMA 2.4. Let Rbea boundedhnp ring and let E be an indecomposable injective torsion right R-module. Then E has a unique chain of submodules
0 = x 0 R C XjR C x 2 R C • • • C x n R C ..
Weakly-injective modules over bounded HNP rings
It has been shown that any noetherian prime ring is a weakly-injective ring (i.e. it is weakly-injective as a module over itself) [7] . Indeed, more is true: PROPOSITION 3.1. Every torsion-free module over a noetherian prime ring is weakly-injective. [5] Weakly-injective modules over hereditary noetherian prime rings 291
PROOF. Over a noetherian prime ring R every torsion-free right module contains an essential submodule which is a direct sum of uniform submodules. Since weaklyinjective modules over noetherian rings are closed under arbitrary direct sums and under essential extensions, it suffices to show that every uniform right R-module is weakly-injective. Let U be a uniform right R-module and let V be a finitely generated submodule of E(U). Since R is prime and noetherian it follows that V is isomorphic to a right ideal of R and that therefore it embeds in U. In light of Corollary 2.3, this completes our proof.
The above proposition has the following corollary.
COROLLARY 3.2. For any module A over a noetherian prime ring R, A is weaklyinjective if and only if its singular submodule Z(A) is weakly-injective.

PROOF. The injective hull of A may be written as E(A) = E(Z(A)) © K, where Z(A) is the torsion submodule of A and K is some submodule of E(A). If A is weakly injective and Afis a finitely generated submodule of E(Z(A)) then N embeds in A. But N is itself torsion and hence N embeds in Z(A). In light of Corollary 2.3 this proves our claim that Z(A) is weakly-injective. On the other hand, if Z(A) is weakly-injective then A must be also weakly-injective since it contains as an essential submodule the direct sum of weakly-injective modules Z(A) © (K D A).
Due to the above corollary, in order to characterize weakly-injective modules over bounded hnp rings it suffices to center our attention on torsion modules.
By Lemma 2.8, any torsion module over a bounded hnp ring can be expressed as the direct sum of its primary components. While weak-injectivity does not usually come down to summands, we have the following result. LEMMA 
A torsion module over a bounded hnp ring is weakly-injective if and only if its primary components are weakly-injective.
PROOF. Let A be a torsion module over the bounded hnp ring R. By Lemma 2.8, we may write A = ® i € / A,-, where the A,'s are the primary components of A. Since sums of weakly-injective modules over noetherian rings are weakly-injective we only need to show that if A is weakly-injective so is A, for each j e I. Let Af be a finitely generated submodule of E(Aj) C E(A) = ®, e / £(A,). Clearly, for every i e /, E(Aj) is a primary component of E(A). By the weak-injectivity of A there exists an embedding <p : N -> A. Since <p(N) = N c E(Aj) it follows that the uniform elements in (p(N) are equivalent to those in Aj. Hence <p(N) c Aj. So Aj is tight and therefore, due to Corollary 2.3, weakly-injective as claimed.
The above lemma has, as an immediate application, the following characterization of weakly-injective torsion modules with finite Goldie dimension. LEMMA 
If a torsion module A over a bounded hnp ring has finite Goldie dimension, then A is weakly-injective only if it is injective.
PROOF. Let R be a bounded hnp ring and let A be a torsion right fl-module with finite Goldie dimension n. Assume that A is weakly-injective. Since SocA c ' A, we may write SocA = S\ © • • • © S n , where for every / = 1 , . . . , « , S,-is simple. For every / = 1 , . . . , « , let 0 C a n R C a i2 R C -b e the composition series of Weakly-injective torsion modules with infinite Goldie dimension will be characterized in the next lemma but first we need to introduce some notation. Let 5 be a simple module over a bounded hnp ring R. We define N s to be the serial module consisting of the external direct sum of all proper submodules of £(5). Namely,
B.
[ 
PROOF. Let 5 be a simple submodule of A. From the hypotheses, the injective hull of A is a direct sum of infinitely many copies of E(S). By Lemma 2.4, E(S) has a composition series 0 C S = x t R C x 2 R C • • • C E(S).
Clearly, any finitely generated submodule of E (A) can be embedded in N s and therefore (2) implies (1). If we assume that A is weakly-injective then for every m, n e Z + , the finitely generated module (x m R)" is embeddable in A. In light of Lemma 2.9 this implies that for every m, n € Z + , the Goldie dimension of Soc m A/Soc m~l A is larger than n and hence it must be infinite. Thus (1) (1) A is weakly-injective.
(2) There is a decomposition A = B(BC such that (i) B is torsion, injective and has finite dimensional primary components, (ii) C satisfies that if a simple module S embeds in C then the module N s embeds in C, and (iii) B and C have no isomorphic simple submodules. (3) There is a decomposition A -B®C such that B is injective and C satisfies that if a simple module S embeds in C then the module N s embeds in C.
PROOF. Let A be a right module over a bounded hnp ring R. If A is weaklyinjective, so is Z(A) (Corollary 3.2), and also so are the primary components of Z(A) (Lemma 3.3) . Let B be the (direct) sum of all the primary components of Z(A) with finite Goldie dimension. By Lemma 3.4, each such primary component is injective and therefore so is B. It follows that we may write A = B © C, where C is chosen so that it contains the primary components of Z(A) not already contained in B. If 5 is a simple module and a monomorphism <p embeds S in C then S actually embeds in the primary component N (say) of Z(A) corresponding to <p(S). By the weak-injectivity of N and in light of Lemma 3.5, we conclude that N s embeds in N and consequently in C, as claimed. The decomposition A = B © C satisfies conditions (i), (ii) and (iii) in (2) and therefore we conclude that (1) implies (2). Obviously (2) implies (3). The conditions in (3) imply that Z{C) is weakly-injective (by Lemma 3.5). Therefore, by Corollary 3.2, C is weakly-injective and hence A, being the sum of two weakly-injective modules, is weakly-injective. Thus, (3) implies (1). COROLLARY 
The statements in Theorem 4.1 about a right module A over the ring R are equivalent if R is a bounded Dedekind prime ring.
PROOF. Lemma 2.6 guarantees that if R is a bounded Dedekind prime ring, then A satisfies the hypotheses of the theorem.
Let R be a bounded hnp ring and let £ be an indecomposable injective right Rmodule with periodicity > 2. Let 0 C x x R C x 2 R C • • • C £ be the compositon series of E. Then x x R ¥ x 2 R/x x R. We refer to E{x 2 R/x x R) = E/x x R as E and, for each x e E, x denotes x + x t R e E. 
